In the first part of the paper we prove an existence theorem for gauge invariant L 2 -normal neighborhoods of the reduction loci in the space Aa(E) of oriented connections on a fixed Hermitian 2-bundle E. We use this to obtain results on the topology of the moduli space Ba(E) of (nonnecessarily irreducible) oriented connections, and to study the Donaldson µ-classes globally around the reduction loci. In this part of the article we use essentially the concept of harmonic section in a sphere bundle with respect to an Euclidean connection.
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Introduction
The main goal of this article is to study moduli spaces of instantons over 4-manifolds with negative definite intersection form. The vanishing of b + has an important consequence on the geometry of the instanton moduli spaces: all line bundles admit ASD connections (with respect to any metric) hence, as soon as rank 2-bundle E splits topologically, the corresponding instanton moduli space will always contain reductions. In other words, "one cannot get rid of reductions by perturbing the metric". On the other hand, our main applications will concern 4-manifolds with b 1 > 0, and for such manifolds the spaces of reductions are positive dimensional. Therefore, it is very important to study carefully the global geometry of the moduli space of connections around the loci of reductions. This will be our first goal.
To be more precise, let E be rank 2-Hermitian bundle on a 4-manifold M , and denote D := det(E), d = c 1 (D). Consider the affine space A a (E) of connections A on E which induce a fixed connection a on D, and the moduli space B a (E) = A a (E)/G E , where G E is the gauge group Γ(SU (E)).
Let l ∈ H 2 (X, Z) such that l(d − l) = c 2 (E) and consider the set λ = {l, d − l} (which has either one or two elements). We denote by A λ a (E) the subspace of connections A ∈ A a (E), which are simply reducible of type λ, i.e. which admit only two parallel line subbundles whose Chern classes are l, d − l. Such a connection will be called λ-reducible. A λ a (E) becomes a (locally closed) submanifold of the affine space A a (E) (after suitable Sobolev completions). Our first problem is the construction of a gauge invariant L 2 -normal neighborhood of this submanifold. More precisely, we will show that, denoting by N λ the L 2 -normal bundle of A λ a (E), the restriction of the natural map ν : N λ → A a (E) to a sufficiently small gauge invariant neighborhood U λ of the zero section is a diffeomorphism on its image. Moreover, the neighborhood U λ is defined by a inequality of the form α L ∞ ≤ ε(A) (on the fibre N A ), where the assignment A → ε(A) is gauge invariant and continuous (with respect to a sufficiently fine Sobolev topology on the space of connections).
Although this statement is very natural, the proof is not easy. The difficulty comes from the fact that infinite dimensional manifolds are not locally compact. Even the fact the ν is injective on a neighborhood of the zero section is not trivial. The main difficulty is to characterize in a convenient way the connections which are "close" to the reducible locus A λ a (E), i.e. which are "almost" λ-reducible.
Our argument is based on the following idea: A reduction A ∈ A λ a (E) admits a parallel section in the sphere bundle S(su(E)). A connection which is close to being reducible should admit an energy minimizing harmonic section in this sphere bundle. The precise meanings of the words "energy" and "harmonic" are the following: we associate to any connection A ∈ A a (E) the energy functional
and we agree to call the critical points of this functional A-harmonic sections. After proving these results about normal neighborhoods of reduction loci, we realized that our problem can be naturally generalized in the following way: For an Euclidean bundle F on an arbitrary compact Riemannian manifold, construct a gauge equivariant L 2 -normal neighborhood of the space of Euclidean connections d A : A 0 (F ) → A 1 (F ) with 1-dimensional kernel. Therefore, in the first section we will treat this more general problem, which is of independent interest; the results concerning reducible Hermitian connections will be easily deduced as applications, taking F = su(E).
The second section deals with the first consequences of our existence results for gauge invariant L 2 -normal neighborhoods: a global description of the universal SO(3) bundle, explicit formulae for the Donaldson µ-classes around the reduction loci and an explicit description of the homotopy type of the whole moduli space B a (E). This space is much more complex than its open subspace B * a (E), which plays a central role in classical gauge theory and whose rational homotopy type has been described in [DK] . Our description of B a (E) yields an easy method to compute the cohomology of this space using the Mayer-Vietoris exact sequence.
The third section is dedicated to the geometry of the instanton moduli space around a reduction locus. Using our existence results for normal neighborhoods, we show that in a neighborhood of the reduction locus associated with a fixed topological splitting of the bundle, the instanton moduli problem reduces to an abelian moduli problem, which is very much similar to the Seiberg-Witten one. These abelian equations read
which are equations for a pair (b, α) , where b is a connection on fixed Hermitian line bundle L and α ∈ A 1 (L ⊗2 ⊗ D ∨ ). This result provides simple descriptions of the linear spaces of harmonic spaces of the deformations elliptic complexes at the reductions. It is very important to have a global description of this linear space. Similar results are stated for the loci of twisted reductions (i.e. instantons which are locally reducible, but globally irreducible).
Our most important technical results are obtained in the last subsection of section 3: we prove strong generic regularity theorems at the reductions. Regularity at the reductions is an old, classical problem in gauge theory (see [FU] , [DK] ) and one might wonder whether there are still unsolved questions on this problem. The point is that Freed-Uhlenbeck's generic regularity result is not sufficient for our purposes. For our purposes, we need a connected, dense open set of good metrics (metrics for which all reductions in the Uhlenbeck compactification are regular). Our proof has two steps:
1. Define a connected, dense open connected open of admissible C r -metrics, for which the vanishing loci of the harmonic representatives of the classes
have good geometric properties (see section 5.2 in the Appendix). Our admissibility condition is very natural: we require that the rank of the intrinsic derivative of these harmonic representatives at any vanishing point is at least 2. The difficulty is to check that this condition defines indeed a connected, dense set of metrics.
In particular, for our admissible metrics, the vanishing loci of all these harmonic representatives have Hausdorff dimension at most 2. Note that this holds for any C ∞ -metric by a result of Bär [B] , but this result does not appear to generalize for C r -metrics. For a metric for which this Hausdorff dimension bound holds, the statement in Lemma 4.16 [FU] holds, making possible the second step. This stronger version of Lemma 4.16 [FU] is proved in detail in the Appendix (Corollary 5.10).
2. Regard the linear space formed by the second harmonic spaces at the reductions as the moduli space associated with an abelian moduli problem, and prove a transversality theorem for this moduli problem with respect to variations of g (in the space of admissible metrics). In other words, we will prove that the parameterized moduli space (obtained by letting the metric vary in the set of admissible metrics) is smooth away of the zero-section. Next we show that -for a bundle E with odd Chern class -the projection map from the C * -quotient of this parameterized moduli space (minus the zero-section) on the space of admissible metrics is Fredholm of negative index ≤ −2, hence its image has connected complement.
Section 4 deals with applications of our results. First we prove a simple geometric property of a particular instanton moduli spaces on a 4-manifold which has the homology type of a class VII surface with b 2 = 2: the two circles of reductions belong always (for any metric!) to the same connected component. We continue with the construction of the new class of Donaldson invariants.
1 Harmonic sections, parallel sections
Harmonic sections in sphere bundles
Let (M, g) be a compact oriented Riemannian n-manifold and let F be a real rank r vector bundle on M endowed with an inner product, and denote by S(F ) the unit sphere bundle of F . Let A be an Euclidean connection on F . The energy functional on the space of of sections Γ(S(F )) is defined by
Proof: The section u ∈ Γ(S(F )) is a critical point of E A if and only if
for every v ∈ T u (Γ(S(F ))). This happens if and only if there exists a real function ϕ such that d
shows that one must have ϕ = |d A u| 2 .
For a fixed connection A the theory of A-harmonic sections is very much similar to the theory of sphere valued harmonic maps. In particular, one has a parabolic evolution equation given by the gradient flow of the functional E A , and using this equation and its long-time convergence properties, one can study the existence of a A-harmonic representative in a given homotopy class of sections.
Two vectors a, b of an Euclidean vector space V define an endomorphism
⊥ is an isomorphism. Similarly, for a section u ∈ A 0 (F ) and a form v ∈ A 1 (F ) we obtain a form u ∧ F v ∈ A 1 (so(F )).
Proof: 1. One has
Proposition 1.3 Let u ∈ Γ(S(F )) and A ∈ A(F ). The following conditions are equivalent 1. The section u is A-harmonic.
Putting
i with respect to a local orthonormal frame (e i ). Therefore, taking into account that u is A 0 parallel and (u, ∇ A ei u) = 0, one has
Since d Corollary 1.4 If the connection A admits a harmonic section u ∈ Γ(S(F )), then it is in Coulomb gauge with respect to a connection A 0 for which u is a parallel section.
1.2 A normal neighborhood of the locus of Euclidean connections with 1-dimensional kernel
We define the locally closed subspace
Let S(F ) be the space of trivial rang 1 subbundles of F . This space can be naturally identified with Γ(S(F ))/{±1}, and becomes a smooth manifold after suitable Sobolev completions. Two rang 1 subbundles which are sufficiently C 0 -close have isomorphic complements, so they are conjugate modulo the action of the gauge group Aut(F ) = Γ(SO(F )). In other words, the action of Aut(F ) on S(F ) is locally transitive. One has an obvious surjective map
stands for the subbundle generated by the line ker(d A ). We will use the subscript (·) k (for k ∈ N sufficiently large) to denote Sobolev completion with respect to the L 2 k -norm.
Proposition 1.5 The subset A ′ (F ) k ⊂ A(F ) k is a submanifold, and the surjection w :
Proof: We omit Sobolev indices to save on notations. Let A ∈ A ′ (F ) and λ = ker(d A ) ∈ S(F ). The fibre w −1 (λ) is obviously an affine subspace of A(F ) which can be identified with A(u ⊥ ). The stabilizer H of λ is a closed Lie subgroup H of the gauge group Aut(F ) whose Lie algebra h can be identified with A 0 (so(u ⊥ )), so it has a topological complement h (B) to a sufficiently small open neighborhood of (0, A) is an embedding which parameterizes a neighborhood of A in A ′ (F ). This gives the submanifold structure of A ′ (F ). Using the local transitivity of the gauge action on S(F ), it follows that h → exp(h)(A) defines a local slice of w at A, proving that w is a submersion at A.
The main goal of this section is to prove that
The idea is very simple and natural: construct a neighborhood of A ′ (F ) consisting of connections which admit an (up to sign) unique harmonic, energy minimizing section.
Let A 0 ∈ A ′ (F ), and let u one of the two generators in Γ(S(F )) of the line ker(d A0 ). The splitting F = u ⊕ u ⊥ defines an A 0 -parallel splitting
which gives an L 2 -orthogonal decomposition
The geometric interpretations of the three factors in the decomposition above are the following: the space A 1 (so(u ⊥ )) is the tangent space of the fibre w
] is the normal space at A 0 of this fibre in the submanifold A ′ (F ), whereas the space
is the normal space at A 0 of the submanifold A ′ (F ) in the space of connections A(F ).
Let N → A ′ (F ) be the normal vector bundle of the submanifold A ′ (F ), whose fibre A 0 ∈ A ′ (F ) is just the space N A0 defined above. One has a natural map ν : N −→ A(F ) given by
which is obviously a local isomorphism at every point of the form (A 0 , 0). The map ν is equivariant with respect to the natural gauge actions on N and A(F ). For ζ ∈ A 0 (so(F )) = Lie(Aut(F )) we denote by ζ # the tangent field (the infinitesimal transformation) of N associated with ζ and by ζ # the corresponding tangent field of A(F ). The equivariance property of ν implies
can be chosen to continuous and gauge invariant.
Proof: The submersion w :
is aw-horizontal space at (A 0 , α 0 ), i.e. a topological complement of the vertical tangent space T (A0,α0) (w −1 ( u 0 ). This complement is isomorphic with
(obtained by derivating the relation d * A0 α 0 = 0 in the direction (Ȧ 0 ,α 0 ) = (b, β)). Therefore, one has an isomorphism
Using (2) one obtains
The statement follows now directly from Lemma 1.8 below.
Lemma 1.8 If α 0 L ∞ is sufficiently small, then the operator
given by
is an isomorphism.
Proof: We omit as usually the Sobolev indexes. Using the decomposition
the operator P can be written as
On the other hand, since u 0 is parallel and dim(ker(d A0 )) = 1, one has
is positive. Therefore (3) implies ζ = 0 (hence ker(P ) = 0) as soon as α 0 2 L ∞ is sufficiently small with respect to 1 η(A0) . For surjectivity, note that the equation
Consider first the weaker equation (for the single unknown ζ)
which is uniquely solvable, as soon as α 0 2 L ∞ is sufficiently small, so one gets a unique solution ζ ∈ A 0 (so(u
, and we get a solution of the equation (4) 
the energy functional E A0+α on the space Γ(S(F )) obtains its absolute minimum at ±u 0 and only at these sections. Moreover, the assignment A ′ (F ) ∋ A 0 → ε(A 0 ) can be chosen to be continuous and gauge invariant.
Proof: Consider a section u ∈ Γ(S(F ))), put v := u − u 0 , v ′ := u + u 0 , and set α := u 0 ∧ F a, where a ∈ A 1 (u ⊥ 0 ). This implies |α| 2 = 2|a| 2 . One has
Since the same computation also applies to −u 0 , we get
2 -right at the vertex u, and one has
. Suppose we are in the first case.
We get the inequality:
where pr
is the norm of the inverse
with respect to the L 2 -norms. Using (5) we get an estimate of the form
which is strictly positive unless v = 0, i.e. u = u 0 . The same argument applies in the case sin ∠(Rv
by replacing u with −u 0 and v with v ′ .
The inequality α L ∞ < ε(A 0 ) as A 0 varies in A ′ (F ) defines a gauge invariant neighborhood N of the zero section in the normal bundle N of this submanifold.
Corollary 1.10 The restriction of the natural map
, because the absolute minimum of E A on Γ(S(F )) is unique up to sign. By Remark 1.2, we obtain A 0 = B 0 , so finally α = β.
Combining with Lemma 1.7, we get Theorem 1.11 There exists a gauge invariant neighborhood U of the zero section in the bundle N which (after suitable Sobolev completions) is mapped diffeomorphically onto its image via the natural map ν.
Remark 1.12 The map ν U can be regarded as a system of "gauge equivariant polar coordinates" around the submanifold A ′ (F ).
Remark 1.13
In the finite dimensional framework, one can prove easily that in general, for any submanifold X of a Riemannian manifold Y there exists a neighborhood of the zero section in the normal bundle N X/Y which is mapped diffeomorphically via the exponential map onto a normal neighborhood of X. However, in the infinite dimensional framework, the problem is much more difficult. Theorem 1.11 solves this problem in the special case of the embedding
Normal neighborhoods of the reduction loci in the space of Hermitian connections
Let E be a rank 2 Hermitian bundle over a 4 manifold M and denote
will be called a topological decomposition of E if it coincides with the set of Chern classes of the terms of a splitting of E as direct sum of line bundles (i.e. when
Fix a connection a ∈ A(D) and denote by A a (E) the affine space of connections on E inducing a on D. Our gauge group is the group G E := Γ(SU (E)) of determinant 1 unitary isomorphisms of E. A connection will be called simply
Such a connection admits precisely two parallel line subbundles (which, of course, might be isomorphic), and these subbundles give an A-parallel orthogonal splitting of E.
2 (M, Z), then any reducible connection on E is simply reducible. If we fix a line subbundle L ֒→ E, there exists a natural bijection between the simply reducible connections of E for which L is parallel and the subspace
Let λ be a topological decomposition of E and denote by A λ a (E) the subspace of simple reducible connections A ∈ A a (E) with the property that the set of the Chern classes of the two A-parallel line subbundles of E coincides with λ.
Such a connection will be called λ-reducible. Denote also by Γ λ (S(su(E))) the set of sections u ∈ Γ(S(su(E))) with the property that the set c(u) of Chern classes of the eigen line subbundles of u coincides with λ. Putting
these eigen line subbundles are L ±u . One has a natural surjection
which associates to every connection A ∈ A λ a (E) the unordered pair of sections of the sphere bundle S(su(E)) which are A-parallel.
For sufficiently large Sobolev index k, the space Γ(S(su(E))) k+1 becomes a Banach manifold and the subset Γ λ (S(su(E))) k+1 is open and closed in Γ(S(su(E))) k+1 , so it is a union of connected components. The gauge group G E,k+1 acts smoothly on Γ(S(su(E))) k+1 , leaving invariant Γ λ (S(su(E))) k+1 ; on the quotient Γ λ (S(su(E))) k+1 /{±1} this gauge group acts transitively. The same arguments as in the proof of Proposition 1.5 show that
. The bundle su(E) splits as an orthogonal sum sum of A-parallel summands:
and, as in the section 1.2, we obtain the following L 2 -orthogonal decomposition of the tangent space T A (A a (E)) = A 1 (su(E)) at A:
The first summand A 1 (M, R)u is the tangent space of the fibre
] is the normal space at A of this fibre in the submanifold A λ a (E), whereas the space
Using Theorem 1.11 we obtain the following important result, which gives an L 2 -normal neighborhood of the submanifold A λ a (E) of simple reductions of type λ, and a system of polar coordinates around this submanifold. Theorem 1.15 There exists a gauge invariant neighborhood U λ of the zero section in the normal bundle N λ → A λ a (E) which (after suitable Sobolev completions) is mapped diffeomorphically onto its image via the natural map
The elements of the orthogonal slice ν(
a (E) are connections for which the two elements of
(which are A-parallel) are the unique energy-minimizing harmonic sections in Γ(S(su(E))).
From now on we will always assume that U λ is defined by an inequality of the form α L ∞ ≤ ε(A), where A → ε(A) is continuous and gauge invariant (see Lemma 1.7 and Lemma 1.9).
Twisted reductions
When the base manifold has nontrivial first homology group H 1 (M, Z), one also has to take into account the twisted reductions, i.e. the connections which are irreducible but whose pull-back on a double cover of M become reducible. Although the stabilizer G E,A of such a connection is just the center {±id E } of the gauge group, these loci of twisted connections and the geometry of the instanton moduli spaces around these loci must be studied in detail; the reason is simple: the classical transversality results with respect to metric variations [DK] fails not only at a reduction, but also at a twisted reduction, so it is not clear whether one can achieve regularity of an instanton moduli space at such a point by perturbing the metric.
Let ρ : π 1 (M, x 0 ) → {±1} be a group epimorphism and denote by π ρ : M ρ → M the double cover associated with ker(ρ). The tautological involution of M ρ will be denoted by ι. A connection A ∈ A a (E) will be called ρ-twisted reducible (or a ρ-twisted reduction) if it is irreducible, but its pullback π *
′′ are the unique π * ρ (A)-parallel subbundles of E, because, if not, the SO(3)-connection associated with π * ρ (A) would be trivial. In this case A must be flat and the holonomy of A acts on the projective line P(E x0 ) by an involution. Therefore, A would admit (at least) two parallel line subbundles, contradicting the assumption that A was irreducible. In other words π * ρ (A) must be simply reducible of type λ = (l, ι * (l)), where l is a solution in
For a ρ-twisted reduction A the SO(3)-bundle su(E) has an A-parallel splitting
where R ρ is the Euclidean real line subbundle of su(E) consisting of trace-free anti-Hermitian endomorphisms
. R ρ is isomorphic with the non-orientable Euclidean real line bundle associated with the representation ρ :
ρ (E) and we denote by A λ a (E) the subspace of ρ-twisted reductions A ∈ A a (E) with the property that π * ρ (A) is simply reducible of type λ.
Denote by Γ ι (S(su(π * ρ (E)))) the set of sections u of the sphere bundle of su(π * ρ (E)) satisfying the property ι * (u) = −u and by Γ λ ι (S(su(π * ρ (E)))) the subset of Γ ι (S(su(π * ρ (E)))) consisting of sections u, such that the Chern classes of the eigen line sub-bundles of π * ρ (u) are l, ι * (l). In the same way as in the case of non-twisted connections one gets a locally trivial, gauge equivariant fibration
and the fibre over a class [u] can be identified with the subspace
The second condition is superfluous when l = ι * (l). The space A 1 (su(E)) splits as
where the third term can be identified with the normal space at A of the submanifold A λ a (E) of ρ-twisted connections of type λ. Using similar methods as in the proofs of Theorems 1.11, 1.15 one gets easily the following existence theorem for L 2 -normal neighborhoods of the loci of twisted reductions. Theorem 1.16 There exists a gauge invariant neighborhood U λ of the zero section in the normal bundle N λ → A λ a (E) which (after suitable Sobolev completions) is mapped diffeomorphically onto its image via the natural map
The elements of the orthogonal slice ν(N A ∩U λ ) ⊂ A a (E) through A ∈ A λ a (E) are connections for which the two elements of the intersection
(which are π * ρ (A)-parallel) are the unique energy-minimizing harmonic sections in Γ(S(su(E))).
As in the non-twisted case we will suppose that U λ is defined by an inequality of the form α L ∞ ≤ ε(A), where the assignment A λ a (E) ∋ A → ε(A) is gauge invariant and continuous.
2 The Donaldson µ-classes around the reductions and the homotopy type of B a (E)
The universal bundle around reductions
The structure of the universal bundle around a single reduction is well-known. A complete description can be found in [DK] p. 186-187. However, for our purposes, this classical result is not sufficient, because we will need the structure of the universal bundle around positive dimensional subspaces of reductions.
We recall that the universal SO(3)-bundle on B * a (E) × M is defined as
whereḠ E := G E /{±1} acts in the natural way on both factors. Alternatively, one can letḠ E act from the right and define F to be the bundle with fibre su(E) over B * a (E) which is associated with the principalḠ E -bundle A * a (E) → B * a (E). Let λ = {l, d − l} be a topological decomposition of E. We will assume for simplicity that 2l = d which assures that A(L) = A * (L) for every Hermitian line bundle of Chern class l; in particular the fibres of the fibration w : A λ a (E) → Γ λ (S(su(E))/{±1} are affine spaces of the form A(L u ) (see section 1.3). We will omit the upper script λ in the notations N λ , U λ introduced in the previous section and we denote by N * , U * the complement of the zero section in N and U (see Theorem 1.15). Replacing U be a smaller gauge invariant neighborhood if necessary, we may assume that ν(U * ) ⊂ A * a (E). We put
V is a neighborhood of the moduli space of λ-reductions
and denote by
u the subgroups of G (respectively G E , G u ) of elements f with f (x 0 ) = 1. Note that these subgroups are mapped injectively intoḠ, G E ,Ḡ u , so we will use the same notations for the corresponding subgroups of these groups.
The main point which will be used in our computation is that the fixing of the section u defines aḠ u -reduction of the restriction of the principalḠ E -bundle
is the submanifold of the normal neighborhood ν(U) consisting of connections for which ±u are harmonic and energy minimizing.
The embedding ν
3. The map ν induces an isomorphism between V and the cone bundle over the projectivization P(N u ) of the vector bundlē
, and V * is identified with the complement of the vertex section in this cone bundle. In particular one has a homotopy equivalence
Proof: The first statement follows easily from Theorem 1.15. The second and the third statements are obvious. For the fourth, it suffices to prove that
a (E) has the homotopy type of the
is compact, the restriction of the infinite rank vector bundleN u to this subspace is trivial. This completes the proof.
The decomposition
where S u is the complex line bundle on V * × M defined by
The cohomology algebra of V * can be easily described explicitly using Corollary 2.2. The construction below yields generators with explicit geometric interpretation.
Put
has an intrinsic interpretation in terms of L: it is just the bundle K = ker δ of kernels of the family of operators
and U ∩ N u can be identified with aḠ-invariant neighborhood U u of the zero section in this bundle. The bundle K descends to a bundleK := K/G x0 over
B(L).
Using the isomorphism V * ≃ U * u Ḡ induced by ν, one can identify S with the line bundle
Therefore, S can be regarded as the restriction to [U * u /Ḡ] × M of the line bundle
which can be regarded as a projective bundle over B(L). The space B * u (E) is very much similar to the infinite dimensional gauge quotient of the space of irreducible configurations in Seiberg-Witten theory. More precisely, let in general V be a line bundle and W a complex vector bundle on M . The natural map
is a projective bundle. On the product B(V ) × M one has a tautological line bundle defined by
With the notations and assumptions above one has
1. There exists a natural isomorphism
where h V W is a degree 2-cohomology class defined as the Chern class of the principal S 1 -bundle
This class restricts to the canonical (tautological) class of the projective fibres of B * (V, W ).
The Chern class of the line bundle
where we agree to denote by the same symbol δ V the element in H 1 (B(V ))⊗ H 1 (M, Z) defined by this morphism, as well as the pullback of this element via the projection
Proof: The proof uses the same arguments which are used for the computation of the cohomology algebra of the moduli space of irreducible configurations in Seiberg-Witten theory (see for instance [OT1] ).
Corollary 2.5 The line bundle S can be identified with the pull-back of S Λ 1 ⊗S via the composition
In particular one has
where h u is the Chern class of the principalḠ/G x0 = S 1 -bundle
where v is the obvious epimorphism. The map
Corollary 2.6 Suppose that b + (M ) = 0. The restrictions of the Donaldson µ-classes to V * are given by the formulae
Proof: Every monomial of the form a ∪ b, with a, b ∈ H 1 (B, Z) satisfies the relation (a ∪ b) 2 = 0 so, since we supposed b + (M ) = 0, one gets easily that
This implies δ 2 L = 0. Therefore
, one gets easily the claimed formulae.
The topology of the moduli space B a (E)
Describing the weak homotopy type of the moduli space B * a (E) of irreducible connections is a well-known classical problem in gauge theory. This problem is treated in detail in [DK] , where the authors also compute the rational cohomology algebra of this space. Surprisingly, describing the weak homotopy type of the whole moduli space B a (E) of connections is a delicate problem, which, to our knowledge, cannot be solved with similar methods.
Our result concerning the existence of L 2 -normal neighborhoods of the reduction loci, gives a solution to this problem. Suppose for simplicity that d := c 1 (D) is not divisible by 2 in H 2 (M, Z), so that any reducible connection A ∈ A a (L) is simply reducible. Let Λ E be the set topological decomposition of E, i.e. the set of unordered pairs
Using the notations and conventions of section 2.1, we get the following decomposition of the space B a (E) as a fibred sum:
where 
this description determines the homotopy type of the space B a (E). In particular one can compute the cohomology of this space using the Mayer-Vietors exact sequence.
Under these assumptions, by Donaldson's first theorem, one can find a basis (e 1 , e 2 ) in H 2 (M, Z) such that e 2 i = −1, e 1 ∪ e 2 = 0. It will follow that d := e 1 + e 2 is an integral lift of the Stiefel-Whitney class w 2 (M ). Let now E be a rank 2-Hermitian bundle with c 1 (E) = d, c 2 (E) = 0 and put again D = det(E).
Our problem is to compute the degree k-cohomology of the space B a (E), for 1 ≤ k ≤ 4 using the Mayer-Vietoris sequence applied to the decomposition 9. Denote by L c a Hermitian line bundle with Chern class c. The set Λ E has two elements:
Denote by V 0 , V 1 , V * 0 , V * 1 the corresponding subspaces of B a (E), and put V := V 0 ∪ V 1 , V * := V * 0 ∪ V * 1 . We get exact sequences:
Using the standard description of the cohomology of B * a (E) (see [DK] ), we obtain
where λ 0 is a generator of H 3 (M, Z) and f i := PD(e i ). Since we assumed b 1 (X) = 1, we obtain easily using Poincaré duality that im(∪ :
hence, by Corollary 2.6, we obtain µ(λ 0 ) V * = 0. Note also that the restriction morphism
is an isomorphism for i = 0, 1 and is injective for all i. The exact sequence above for i = 1 yields
Therefore, the cohomology class defined by the Chern-Simons functional [DK] associated with a hypersurface representing λ 0 extends to the whole moduli space B a (E). This is a general phenomenon. For i = 2, we obtain
On the other hand by Corollary 2.6
is surjective and H 3 (V) = 0, the same exact sequence for i = 3 yields:
The space H 3 (V * i ) is generated by δ Li (σ 0 ) ∪ h ui , where σ 0 is a generator of H 1 (M, Z), whereas
By Corollary 2.6 one has µ(σ 0 ) V * i = −δ Li (σ 0 )h ui and we have seen that µ(λ 0 ) V * = 0. This shows that
The cohomology space H 4 (B a (E)) fits in the exact sequence
The space H 4 (B * a (E)) is freely generated by the five classes
whereas H 4 (V * ) is freely generated by h 2 u0 and h 2 u1 . This shows that
The quotient on the left is 1-dimensional, so
Remark 2.7 A similar method can be used to compute the cohomology of the pair (B *
L is a normal neighborhood of the reducible locus in B a (E).
Example 2. Let M be a 4-manifold with the topological properties considered in the example above. The exact sequence of the pair (B * a (E), V * )
written for i = 4 shows that the natural morphism
The instanton moduli space around the reductions
We denote by M ASD a (E) ⊂ B a (E) the moduli of projectively ASD a-oriented connections in E, i.e. the moduli space
In the first subsection we will study the intersection of this moduli space with a normal neighborhood V λ of the reduction locus B λ a (E) := A λ a (E)/G E . We will see that, in a neighborhood of a reduction locus, the instanton moduli problem is equivalent to an abelian moduli problem, which is very much similar to the Seiberg-Witten moduli problem. We will denote by M 
An abelian gauge theoretical problem
Let L be a Hermitian line bundle which is isomorphic to a line subbundle of E, and put S := L ⊗2 ⊗ D ∨ . Consider the moduli space M a (L) of solutions of the system
for pairs (b, α) ∈ A(L)×A 1 (S), modulo the abelian gauge group G = C ∞ (M, S 1 ). This system is very much similar to the Seiberg-Witten system; indeed, the left hand operator in the first equation is elliptic and can be written as coupled Dirac operator. The main difference is that in general there is no a priori bound for the α-component on the space of solutions of this system and, in general, the moduli space is not compact.
We denote by M red a (L), M * a (L) the subspaces of reducible (respectively irreducible) solutions. As in Seiberg-Witten theory "reducible pair" means "pair with trivial α-component". Therefore one has a natural identification
The space T a (L) is either empty, or a b 1 (M )-dimensional torus (when the harmonic representative of c 1 (
The image of this map is the subspace consisting of those instantons which can be brought in Coulomb gauge with respect to a λ-reducible connection. Suppose again that 2l = d (such that any reduction having a parallel line subbundle of Chern class l is simple), and consider the continuous, gauge invariant function ε :
and denote W λ the G-invariant subspace of the configuration space A(L)×A 1 (S) defined by the inequality α L ∞ ≤ ε(b), and by Z λ its G-quotient. 
A twisted abelian gauge theoretical problem
Let ρ : π 1 (M, x 0 ) → Z 2 be a group epimorphism and consider the associated objects π ρ :
Let L be a Hermitian line bundle on M ρ whose Chern class l is a solution of the system (7) and put λ = {l, ι * (l)}. In this section we will assume that l = ι * (l). We fix an isomorphism π *
The natural gauge group acting on this space of connections is
The Lie algebra of this group can be identified with A 0 (R ρ ), where R ρ is the real line bundle associated with the representation ρ. One has a natural embedding
. This Hermitian line bundle comes with a tautological isomorphism ι * (S) = S ∨ =S. We introduce the spaces of ι-twisted S-valued forms by
. Endow M ρ with the pull-back metric π * ρ (g). Our abelian moduli problem is now 
. If the harmonic representative of c 1 (S) is not ASD (with respect to the pull-back metric), the space M 
where the symbol (−) ι means ι-twisted, i.e. the subspace of (−) consisting of solutions of the equation ι 
Proposition 3.4 The restriction of the instanton moduli problem to the normal neighborhood ν(U λ ) of the space of ρ-twisted, type λ-reductions A λ a (E) and the restriction of the abelian moduli problem (11) to the neighborhood W λ of A(L)× {0} are equivalent moduli problems.
In particular, the map induced by The indices of the two elliptic complexes can be computed easily: The dimension h k ι of the k-th harmonic space of
Generic regularity at the reductions
The purpose of this section is to prove a strong generic regularity result for reducible instantons. We agree to call regular any solution A ∈ A ASD a (E) (irreducible or reducible) with H 2 A = 0. Our result allows to prove that, under certain cohomological conditions on our data, there exists a connected, dense, open set of metrics for which no irregular reduction appears in the moduli space. This will allow us in the next section to introduce Donaldson type invariants for definite manifolds, even in the cases when non-empty reduction loci are present in the moduli space.
Let M be a 4-manifold with b + (M ) = 0, and E a Hermitian bundle of rank 2 on M ; put as usual D := det(E), d := c 1 (D), c = c 2 (E). Let λ = {l, d − l} be a topological decomposition of E with 2l = d. The second cohomology of the deformation elliptic complex of a λ-reducible instanton reduces to the second cohomology of the elliptic complex C
Denote by Met (Met r ) the space of smooth (respectively class C r ) Riemannian metrics on M , where r ≫ k. Our first result is a transversality theorem (with respect to variations of the metric g) for the complement H g (S)
* of the zero section in the complex linear space
over the torus M ASDg (S). Unfortunately this result holds only for metrics having the following property H(S) : The vanishing locus of the g 0 harmonic representative of c 1 (S) has Hausdorff dimension ≤ 2. This condition is satisfied by any C ∞ -metric by a result of Bär [B] , and any metric g ∈ Met r ≥2 (c 1 (S)) (see section 5.2 in the Appendix).
The space H g (S)
* can be identified with the G x0 -quotient of the space of solutions of the system at any solution (g 0 , σ 0 , ζ 0 , η 0 ) where g 0 has the property H(S).
Proof: Note first that, under our assumptions, the connection σ cannot admit nontrivial parallel sections, so applying d * σ to the second equation, we get ζ 0 = 0. Use the metric g 0 as a background metric to parameterize the manifold Met (12) is equivalent with
where the upper script + is used now for the selfdual projection with respect to g 0 . The left hand terms of the equations define a smooth map
Out task is to prove that the differential of this map at (id,
be pair which is L 2 -orthogonal to the range of this differential. Using variations of the variables ζ and η (for h = id) we get
Using the notations of section 5.1 in Appendix, one has
Therefore, using variations χ ∈ A 0 (Sym(T M , g 0 )) r of h with the property
and noting that m
* (see section 5.1), we obtain for any such χ
Here we used the fact that the 2-form d σ β is ASD. By Remark 5.1 in Appendix we see that any homomorphism m ∈ A 0 (Hom(Λ 2 − , Λ 2 + )) r can be written as m + − (χ) for a certain symmetric endomorphism χ. Therefore (15) holds for any such section m for which m(F σ ) = 0. Now regard β as an element in
) k its adjoint with respect to the obvious real inner products. Changing the position of η 0 in (15) we obtain
Let U be the complement of the vanishing locus of F σ . We conclude that
takes values in the real line bundle generated by F σ . This implies that either there exists a non-empty open subset V ⊂ U on which η 0 has (real) rank at most 1, or d σ β U takes values in real line bundle generated by F σ U . In the first case we obtain η 0 = 0 by Proposition 5.11 in the Appendix. This contradicts the definition of our configuration space A * k . In the second case one gets β = 0 by Corollary 5.10. Finally, using variations of σ and the assumption b + (M ) = 0, we obtain α = 0.
Denote by Met r bad (λ) the subspace of metrics for which there exists a nonregular λ-reducible instanton. Let U ⊂ Met r be any open subset of metrics satisfying the property H(S).
∩ U is closed and nowhere dense in U and the natural morphism
is bijective for any i in the range 0
Proof: By Theorem 3.6 it follows that the section (u, v) is transversal at any solution with metric component in U , so the vanishing locus Z(u, v) ∩ p −1 (U ) is a smooth Banach manifold over U . The gauge quotient
will also be a smooth manifold, and the natural projection
One has a natural C * -action on H(S) * , and the projection
. It suffices to apply Lemma 5.8 in the Appendix.
The same arguments can be used to prove regularity at a locus of twisted reductions (see sections 1.4, 3.2). However, there is an important detail here which should be taken into account carefully: in general, for an epimorphism π(M ) → Z 2 , the condition b + (M ) = 0 does not imply b + (M ρ ) = 0. When b + (M ρ ) = 0, one has h main difference is that the "normal" elliptic complex" C + b⊗ι * (b) ∨ ,ι has no complex structure.
In the twisted case, one has a Hermitian line bundle S on M ρ which comes with an isomorphism ι * (S) ≃S; and for any metric g on M the π ρ (g)-harmonic representative of c 1 (S) = l − ι * (l) is ρ-equivariant, so the condition H(S) has sense for g. Put λ := {l, ι * (l)} and denote by Met r bad (λ) the space of C r -metrics for which there exists a non-regular ρ-twisted reducible instanton of type λ. The result for the twisted case is
r an open set of metrics having the property H(S). Then Met r bad (λ) ∩ U is closed and the natural morphism
is bijective for any i in the range 0 ≤ i ≤ −(l−ι * (l)) 2 +b 1 (M )−2, and surjective
, hence under our assumptions one has
Corollary 3.10 Let M be a 4-manifold E a Hermitian rank 2 bundle on M .
1. Suppose that 2. Suppose that (16) holds and for every epimorphism ρ :
There exists 
) for every epimorphism ρ, so Corollary 3.10.2. applies for any bundle E with c 1 (E) = d. Remark 3.12 Similar generic regularity results can be obtained using abstract perturbations of the ASD-equations around the reduction loci (see [DK] p. 156). However, since in our general framework the reductions are not necessarily isolated points in the moduli space, this method is more complicated than in the classical case. Moreover, for our purposes (see section 4) one must check that the perturbed moduli space still has a natural compactification, and that the "cobordism type" of this compactification is well defined.
Remark 3.13 Combing Corollary 3.10 with the classical transversality theorem for irreducible instantons [FU] , [DK] , one shows that the subset Met We will see that using our regularity results combined with the topological results obtained in sections 2.1, 2.2 one can obtain important information about the geometry of the ASD moduli spaces. The purpose of this section is not to give an exhaustive list of all possible applications of this type, but only the illustrate the method with an explicit example, which came to my attention when I began to work on the classification of class VII surfaces with b 2 = 2 [Te3] .
Let M be a 4-manifold with the topological properties considered in the examples studied in section 2.2: 
are rank 2 complex vector bundle of rank 2 (see section 3.1). M λi a (E) has a neighborhood ν i which can be identified with the S 1 -quotient of an S 1 -invariant neighborhood of the zero section of H 1 i . Let σ a generator of H 1 (M, Z). By Corollary 2.6 we see that the restriction of the Donaldson class µ(σ) to the boundary ∂(ν i ) coincides (up to sign) with the fundamental class of this 3-manifold. Therefore ∂(ν i ) cannot be homologically trivial in B * a (E). This shows that the two boundaries (hence also the corresponding circles) belong to the same connected component.
To complete the proof for an arbitrary metric g, use the density of the space Met r wgood (E) and note that if the reduction circles M λi a (E) belonged to different connected components, the same would happen for any metric g ′ sufficiently close to g.
Example: Consider the 4-manifold
This manifold has the differentiable type of a Hopf surface blown up at two points. It is convenient to endow M with the complex structure of a minimal class VII surface with b 2 = 2. Choosing the Gauduchon metric in a convenient way and using the Kobayashi-Hitchin correspondence to identify instantons with polystable bundles, one obtains (see [Te3] ):
so (despite the presence of the reductions) the moduli space gets an obvious smooth structure on the moduli space. The two reduction circles M λi a (E) are smoothly embedded in the sphere.
New Donaldson invariants
In this section we introduce a new class of Donaldson type invariants, which are defined for definite 4-manifolds.
Low energy Donaldson invariants. Casson type invariants.
Let M be a negative definite 4-manifold, and let (e 1 , . . . , e b2(M) ) be an orthonormal basis in
be a lift of e 1 +, . . . , +e b2(M) and denote byd its image in H 2 (X, Z 2 ). Note that one must haved = w 2 (M ), when H 2 (M, Z) is torsion free. Let E be a Hermitian 2-bundle on M with c 1 (E) = d and put as usual D := det(E). If {l, d − l} is a topological decomposition of E, then, writing l = l i e i , with l i ∈ Z, one gets
Therefore, for c 2 (E) < 0, the bundle E admits no topological decomposition. On the other hand the expected dimension of the Donaldson moduli space
, 1, 2, 3} the corresponding moduli space will be a priori compact (i.e. compact independently of the metric). When b 2 (M ) ≥ 4, the corresponding values of c 2 (E) are negative. When b 1 (M ) ≥ 1 the corresponding expected dimension will be non-negative. Therefore: . The corresponding moduli space will be a priori compact, of nonnegative expected dimension 2∆(E) + 3(b 1 − 1) and will contain no reduction.
In other words, for this special value of c 2 (E), one can define very easily Donaldson type invariants by estimating products of classes of the form µ(h) on the virtual fundamental class of the moduli space [Br] . In this case, one does not really need regular moduli spaces, because the formalism of virtual fundamental classes gives directly a well defined homology class in the space B * a (E). A very interesting case is when b 2 (M ) ≥ 4 is divisible by 4. In this case this special value of c 2 (E) is − b2(M) 4 and the corresponding discriminant ∆(E) vanishes. Therefore, in this case M ASD (E) coincides with the moduli space of P U (2)-representations of π 1 (M, x 0 ) with fixed Stiefel-Whitney classd, modulo SU (2)-conjugation. The invariants associated with such a moduli space should be called four-dimensional Casson type invariants. They should be regarded as an extension of the similar SU (2)-invariant defined for Z[Z]-homology S 1 × S 3 -manifolds (see [RuS] , [FuO] ) to our new class of homology types. Note that, because of the absence of reductions in our moduli space, the definition of the invariant in our case is much easier. These representation spaces can be of course oversized, so it is not clear at all that the corresponding invariants are of homotopical nature.
Note the following simple, but interesting vanishing result, which shows that, if non-trivial, this Casson type invariants can be regarded as obstructions to the representability of the basis elements e i by embedded 2-spheres. The composition π 1 (S, x 0 ) → π 1 (M, x 0 ) → P U (2) will be a representation with Stiefel-Whitney classd S = 0, so S cannot be simply connected.
Interestingly, one has:
Remark 4.4 There exist definite negative 4-manifolds, with the property that no element e ∈ H 2 (M, Z)/Tors with e 2 = −1 can be represented by an embedded sphere.
Indeed, it suffices to consider a fake projective plane (see for instance [PY] ) with reversed orientation. Since the universal cover of such a 4-manifold is the complex 2-ball, we see that the generator of its homology cannot be represented by an immersed sphere.
Consider now the case
In this range, one loses "a priori compactness", but has moduli spaces with no reductions in their Uhlenbeck compactifications. In this range, one uses Donaldson's method [DK] to define the invariants geometrically: one uses metrics for which all strata are regular, constructs distinguished cycles representing the µ-classes (and which extends to the Uhlenbeck compactification) and defines the invariants by intersecting the moduli space with systems of such cycles (which can be chosen so that they intersect transversally in the main stratum).
Invariants associated with classes in H
. Invariants defined using the cobordism type of the moduli space
We illustrate these types of invariants in the concrete situation considered in sections 2.2 and 4.1: a negative definite 4-manifold with H 1 (M, Z) ≃ Z, b 2 (M ) = b − (M ) = 2 endowed with a rank 2-Hermitian bundle E on M with c 1 (E) = d = e 1 + e 2 (where (e 1 , e 2 ) is an orthonormal basis of
The moduli space is a priory compact, but it always contains two circle of reductions. We have two ways to define invariants in this situation:
1. Use a generic metric in the sense of [DK] , for which the irreducible part of the moduli space is regular. Regard the (oriented) moduli space M ASD a (E) * of irreducible instantons as a cycle in the relative homology H 4 (B * , V * ). On the other hand, we have seen in section 2.2 that the relative rational cohomology H 4 (B * , V * ) ≃ Q 4 and that this group fits in a short exact sequence
Evaluating classes in H 4 (B * , V * ) on the relative homology class defined by M ASD a (E) * one gets well-defined invariants. Note however that, since the exact sequence (18) does not split canonically, one cannot parameterize this set of invariants in an obvious way.
For a metric g ∈ Met r
wgood (E) all solutions (including the reductions) in the moduli space are regular (see Remark 3.13). The main observation here is that each reduction circle M λi a (E) has a neighborhood isomorphic to the S 1 -quotients of a neighborhood of the zero section in a rank 2 complex bundle H 1 i over M λi a (E) (see section 4.1). But such a quotient is a locally trivial K-bundle over a circle, where K is the cone over P 1 ≃ S 2 , so it has a natural manifold structure. Therefore, for g ∈ Met r wgood (E), M ASD a (E) is a compact 4-manifold, which can be oriented as in classical Donaldson theory (see [DK] p. 283).
The signature of this 4-manifold will be an invariant θ(M ) of the base 4-manifold (endowed with the usual orientation data). Indeed, the main point here is that the set Met r vgood (E) is connected. For two choices g 0 , g 1 ∈ Met r wgood (E), consider a path γ : [0, 1] → Met r vgood (E) connecting these metrics. A generic deformation (with fixed ends) of γ will define a cobordism between the moduli spaces associated with g i . Note that the cobordism constructed in this way is always trivial around the reductions. 
The assignment ψ
+ -valued distribution, and the identity (19) implies that this distribution vanishes on M \ Z(ω 0 ). This distribution has the following important properties:
2. δ is supported in x 0 .
1. Indeed, to prove the first claim, consider a Λ 1 -valued test function α, and compute Therefore, u is an order zero Dirac type distribution; in other words, there exists θ 0 ∈ [Λ 2 0 ] such that u, ϕ = θ 0 (ϕ(0)) for any test 2-form ϕ. Writing θ 0 = i<j a ij e i ∧ e j , we get
and the relation du = 0 implies obviously a ij = 0 for all i < j.
We claim that the path G(h 0 , ·) takes values in Met r ≥2 (l). Indeed, the Zariski tangent space of Z(l g ′ t ) at a point x is just the intersection of the tangent space of P 0 at (t, g Proof: The important point here is that, since the intersection forms of M is negative definite, the set of terms in the first intersection is finite. For the second intersection note first that ρ varies in a finite set (isomorphic to the set of index 2 subgroups of H 1 (M, Z)) and, under our assumption, for any fixed ρ, there are only finitely many possibilities for l. To complete the proofs it suffices to note that the two properties in Proposition 5.5 have been obtained by applying the Sard-Smale theorem to certain proper Fredholm maps, and using the fact that the set of regular values of such a map is open and dense. A finite intersection of such sets will also be open and dense.
Analytic results
We begin with the following easy result concerning the range of a proper Fredholm map f : V → W of negative index j. One expects this range to be a subset of "codimension" at least −j, so the inclusion W \ im(f ) → W should induce isomorphism between homotopy groups of degree i ≤ −j − 2. While the statement about the codimension is difficult to formalize in the infinite dimensional framework (and is not necessary for our purposes), the isomorphism of homotopy groups of small degree is a simple consequence of the Sard-Smale theorem.
Lemma 5.8 Let V , W be separable Banach manifolds and f : V → W a proper, real analytic, Fredholm map of negative index j ≤ −2. Then which implies
for every smooth path γ : (−1, 1) → V . The complement Σ ′ = M \ V will also have Hausdorff dimension ≤ n − 2.
We claim that V = M . Suppose not, and let x 0 ∈ M \ V . Let The second property implies that h and h −1 are Lipschitz with respect to any Riemannian metric on M . The idea is to extend ψ on V ∪ W using the solutions g hx,ψ(x,0) , x ∈ B n−1 , where h x denotes the path t → h(x, t). So put f (x, t) = g hx,ψ(x,0) (t) , η := f • h −1 .
We claim that η W ∩V = ψ W ∩V , which will complete the proof, because this would yield a proper extension of ψ, contradicting its maximality. Our claim is equivalent to
.
The two functions coincide on B(0, 1) \ pr 1 (h −1 (Σ ′ )) × (−1, 1), because, for any x ∈ B(0, 1) \ pr 1 (h −1 (Σ ′ )) the corresponding path h x is entirely contained in V so, for such x, both sections t → f (x, t) , t → ψ(u(x, t)) coincide with g hx,ψ(x,0) , by (24) and the definition of f . It suffices to notice that, by our hypothesis, the set h −1 (Σ ′ ) is of Hausdorff dimension at most n−2, so its projection on the (n − 1) dimensional ball B(0, 1) is also of Hausdorff dimension at most n − 2. Therefore, this projection cannot contain any non-empty open set, so its complement in B(0, 1) is dense, so B(0, 1) \ pr 1 (h −1 (Σ ′ )) × (−1, 1)] is dense in B n (0, 1) × (−1, 1), so the two functions coincide everywhere.
The following corollary shows that the statement of Lemma 4.16 in [FU] is true as soon as the vanishing of the ASD curvature has Hausdorff dimension ≤ 2. In particular this statement is true for C ∞ -metrics by the results of [B] and for admissible metrics.
Corollary 5.10 Let (M, g) be compact oriented Riemannian 4-manifold endowed with a C r -metric g, and S a Hermitian line bundle on M endowed with a non-flat ASD connection σ. Suppose that the vanishing of the curvature has Hausdorff dimension ≤ 2. Let β ∈ A 1 (S) such that
2. The anti-selfdual S-valued form d σ β is a tensor multiple of F σ at any point x ∈ M for which F σ,x = 0.
Then β = 0.
Proof: Let U be the complement of the vanishing locus Σ of F σ . By assumption we can write d σ β U = F σ ⊗ ζ, for a section ζ ∈ Γ(U, S). We get
hence β U − d σ ζ = 0, since the wedge product with a non-trivial ASD form is invertible on 1-forms. By Proposition 5.9 and the assumption on Z(F σ ), the section ζ extends smoothly to a section ξ on M satisfying d σ ξ = β. Since d * σ β = 0, we get immediately β = 0. Proof: Supposing that U is simply connected, we can write η = ω ⊗ ζ, where ω ∈ A 2 + (U ) is a real selfdual form, and ζ ∈ Γ(U, S). By assumption, both ω and ζ are nowhere vanishing on U . Since d σ η = 0, we get dω ⊗ ζ + ω ∧ d σ ζ = 0 , hence ω ∧ (θ ⊗ ζ + d σ ζ) = 0, where θ is the real form on U defined by dω = ω ∧ θ. We get
This yields F σ = dθ, in which the left hand term is purely imaginary and the right hand term is real.
